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RI UDGLDWLRQ DQG FKHPLFDO UHDFWLRQ RQ 0+' ERXQGDU\ OD\HU IORZ RYHU DQ H[SRQHQWLDOO\ VWUHWFKLQJ VKHHW ZHUH
LQYHVWLJDWHGE\6HLQLDQG0DNLQGH>@7KHLQIOXHQFHRIUDGLDWLRQRQXQVWHDG\0+'IORZDQGKHDWWUDQVIHUSDVWD
VHPLLQILQLWHYHUWLFDOSRURXVSODWHZDVDQDO\]HGE\.DUWKLNH\DQHWDO>@7KHHIIHFWRIWKHUPDOUDGLDWLRQRQ0+'
ERXQGDU\ OD\HU IORZDQGKHDW WUDQVIHURIDYLVFRHODVWLF IOXLGRYHUD VWUHWFKLQJVKHHWZDVQXPHULFDOO\DQDO\]HGE\
$EHO DQG 0DKHVKD  >@  7KH\ IRXQG WKDW WKH WHPSHUDWXUH DQG WKHUPDO ERXQGDU\ OD\HU WKLFNQHVV LQFUHDVHV RQ
LQFUHDVLQJ WKHPDJQHWLF ILHOG SDUDPHWHU0+' IUHH FRQYHFWLRQ IORZ DQG KHDW WUDQVIHU RI D YLVFRXV IOXLG DORQJ D
YHUWLFDOIODWSODWHLQWKHSUHVHQFHRIKHDWJHQHUDWLRQZDVVWXGLHGE\6DILTXO,VODPHWDO>@%KXYDQHVZDULHWDO>@
H[DPLQHGWKHKHDWWUDQVIHUDQGIOXLGIORZRIDQLQFRPSUHVVLEOHYLVFRXVIOXLGDORQJDVHPLLQILQLWHLQFOLQHGVXUIDFHLQ








/HW XV FRQVLGHU DQ XQVWHDG\ WKUHHGLPHQVLRQDO ERXQGDU\ OD\HU IORZ RI D YLVFRHODVWLF IOXLG RYHU D VWUHWFKLQJ
VXUIDFH,WLVDVVXPHGWKDWWKHVXUIDFHLVVWUHWFKHGZLWKYHORFLW\ݑ௪ሺݔሻDORQJݔ െD[LVNHHSLQJWKHRULJLQLVIL[HGDQG
ݕ െD[LV LV SHUSHQGLFXODU WR LW $ FRQVLVWHQW PDJQHWLF ILHOG RI VWUHQJWKܤ଴ LV DSSOLHG LQ WKHݕ െGLUHFWLRQ ,W LV
DVVXPHG WKDW WKHPDJQHWLF5H\QROGV QXPEHU LV YHU\ VPDOO VR WKH LQGXFHGPDJQHWLF ILHOG FDQ EH QHJOHFWHG7KH




































































































ZKHUHݑǡ ݒDQGݓDUHWKHYHORFLW\FRPSRQHQWVݔǡ ݕDQGݖDUHWKHVSDFHFRRUGLQDWHVߥLV WKHNLQHPDWLFYLVFRVLW\݇଴
LV WKH PDWHULDO IOXLG SDUDPHWHUߩLV WKH GHQVLW\ RI WKH IOXLGߙ௠ LV WKH WKHUPDO GLIIXVLYLW\ܳLV WKH LQWHUQDO KHDW
JHQHUDWLRQሺ൐ ͲሻRUDEVRUSWLRQሺ൏ ͲሻRIWKHIOXLGܿ௣LVWKHVSHFLILFKHDWDQG்݇LVWKHWKHUPDOGLIIXVLRQUDWLR
8VLQJ5RVVHODQGDSSUR[LPDWLRQWKHUDGLDWLYHKHDWIOX[LVWDNHQDVݍ௥ ൌ െ ఙబଷ௞כ
డ்ర
డ௭ ZKHUHߪ଴DQG݇כDUHWKH6WHIDQ
%ROW]PDQQFRQVWDQWDQGPHDQDEVRUSWLRQFRHIILFLHQW8VLQJ7D\ORUVHULHVZHJHWܶସ ؆ Ͷ ܶଷܶ െ ͵ ܶସ
7KHDSSURSULDWHERXQGDU\FRQGLWLRQVDUH
ݑ ൌ ݑ௪ሺݔሻ ൌ
ܽݔ
ͳ െ ߙݐ ǡݒ ൌ ݑ௪ሺݕሻ ൌ
ܾݕ
ͳ െ ߙݐ ǡ ݓ ൌ Ͳǡ ܶ ൌ ௪ܶǡܽݐݖ ൌ Ͳ
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ݑ ՜ Ͳǡ ݒ ՜ Ͳǡ ߲ݑ߲ݖ ՜ Ͳǡ
߲ݒ




ߟ ൌ ඨ ܽݒሺͳ െ ߙݐሻ ݖǡ ݑ ൌ
ܽݔ
ͳ െ ߙݐ ݂
ƍሺߟሻǡ ݒ ൌ ܽݕͳ െ ߙݐ ݃
ᇱሺߟሻǡ ݓ ൌ െඨ ܽݒሺͳ െ ߙݐሻ ൫݂ሺߟሻ ൅ ݃ሺߟሻ൯ǡ ߠ ൌ
ܶ െ ஶܶ
௪ܶ െ ஶܶ ሺ͸ሻ

8VLQJ(TXDWLRQVFDQEHUHGXFHGDV
݂ƍƍƍ െ ݂ƍଶ െ ߞ ቀߟʹ ݂ƍƍ ൅ ݂ƍቁ ൅ ሺ݂ ൅ ݃ሻ݂ƍƍ
൅ܭ ቂെߞ ቀߟʹ ݂
௜௩ ൅ ʹ݂ƍƍƍቁ ൅ ሺ݂ ൅ ݃ሻ݂௜௩ ൅ ሺ݂ƍƍ െ ݃ƍƍሻ݂ƍƍ െ ʹሺ݂ƍ ൅ ݃ƍሻ݂ƍƍƍቃ െ ܪ݂ܽƍ ൌ Ͳሺ͹ሻ
݃ƍƍƍ െ ݃Ԣଶ െ ߞ ቀߟʹ݃ƍƍ ൅ ݃ƍቁ ൅ ሺ݂ ൅ ݃ሻ݃ƍƍ
൅ܭ ቂെߞ ቀߟʹ݃
௜௩ ൅ ʹ݃ƍƍƍቁ ൅ ሺ݂ ൅ ݃ሻ݃௜௩ െ ሺ݂ƍƍ െ ݃ƍƍሻ݃ƍƍ െ ʹሺ݂ƍ ൅ ݃ƍሻ݃ƍƍƍቃ െ ܪܽ݃ƍ ൌ Ͳሺͺሻ
൬ͳ ൅ Ͷ͵ܴௗ൰ ߠƍƍ ൅ ܲݎሺ݂ ൅ ݃ሻߠƍ െ ܲݎ
ߞ
ʹ ߟߠԢ ൅ ܲݎܪ௚ߠ ൌ Ͳሺͻሻ

%RXQGDU\FRQGLWLRQVLQWHUPVRI݂ǡ ݃DQGߠEHFRPHV
݂ሺͲሻ ൌ Ͳǡ ݂ᇱሺͲሻ ൌ ͳǡ ݂ᇱሺλሻ ൌ Ͳǡ ݃ሺͲሻ ൌ Ͳǡ ݃ᇱሺͲሻ ൌ ܿǡ ݃ᇱሺλሻ ൌ Ͳǡ ߠሺͲሻ ൌ ͳǡ ߠሺλሻ ൌ ͲሺͳͲሻ
ZKHUH ܿ ൌ ௕௔ LV WKH VWUHWFKLQJ UDWLRܪܽ ൌ
ఙ஻బమ ሺଵିఈ௧ሻ
ఘ௔ LV WKH +DUWPDQQ QXPEHU ܪ௚ ൌ
ொሺଵିఈ௧ሻ
௔ఘ௖ഐ LV WKH LQWHUQDO KHDW
JHQHUDWLRQDEVRUSWLRQ SDUDPHWHU ܭ ൌ ௞బ௔௩ሺଵିఈ௧ሻ LV WKH YLVFRHODVWLF SDUDPHWHU ܲݎ ൌ
௩















଴݂ሺߟሻ ൌ ͳ െ ݁ିఎǢ݃଴ሺߟሻ ൌ ܿሺͳ െ ݁ିఎሻǢߠ଴ሺߟሻ ൌ ݁ିఎ

WKHDX[LOLDU\OLQHDURSHUDWRUVܮ௙ǡ ܮఏDQGܮథDV
ܮ௙ ൌ ݂ԢԢԢ െ ݂ƍǢ ܮ௚ ൌ ݃ƍƍƍ െ ݃ƍǢ ܮఏ ൌ ߠᇱᇱ െ ߠ
ZLWKVDWLVI\LQJWKHIROORZLQJSURSHUWLHV
ܮ௙ሾܥଵ ൅ ܥଶ݁ఎ ൅ ܥଷ݁ିఎሿ ൌ ͲǢܮ௚ሾܥସ ൅ ܥହ݁ఎ ൅ ܥ଺݁ିఎሿ ൌ ͲǢܮఏሾܥ଻݁ఎ ൅ ܥ଼݁ିఎሿ ൌ ͲǢ
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
ZKHUHܥ௜ǡ ሺ݅ ൌ ͳ െ ͺሻGHQRWHWKHDUELWUDU\FRQVWDQWV
7KH]HURWKRUGHUGHIRUPDWLRQSUREOHPVDUH
ሺͳ െ ݌ሻܮ௙ൣ݂ҧሺߟǡ ݌ሻ െ ଴݂ሺߟሻ൧ ൌ ݌݄௙ ௙ܰൣ݂ҧሺߟǡ ݌ሻǡ ҧ݃ሺߟǡ ݌ሻ൧ǡ

ሺͳ െ ݌ሻܮ௚ሾ ҧ݃ሺߟǡ ݌ሻ െ ݃଴ሺߟሻሿ ൌ ݌݄௚ ௙ܰൣ݂ҧሺߟǡ ݌ሻǡ ҧ݃ሺߟǡ ݌ሻ൧ǡ
ሺͳ െ ݌ሻܮఏሾߠҧሺߟǡ ݌ሻ െ ߠ଴ሺߟሻሿ ൌ ݌݄ఏ ఏܰൣ݂ҧሺߟǡ ݌ሻǡ ҧ݃ሺߟǡ ݌ሻǡ ߠҧሺߟǡ ݌ሻ൧
݂ҧሺͲǡ ݌ሻ ൌ Ͳǡ ݂ҧԢሺͲǡ ݌ሻ ൌ ͳǡ ݂ҧԢሺλǡ ݌ሻ ൌ Ͳǡ ҧ݃ሺͲǡ ݌ሻ ൌ Ͳǡ ҧ݃ ԢሺͲǡ ݌ሻ ൌ ܿǡ ҧ݃Ԣሺλǡ ݌ሻ ൌ Ͳǡ ߠҧሺͲǡ ݌ሻ ൌ ͳǡ ߠҧሺλǡ ݌ሻ ൌ ͲǤ

7KH݉௧௛RUGHUGHIRUPDWLRQSUREOHPLVRIWKHIRUP
ܮ௙ሾ ௠݂ሺߟሻ െ ߯௠ ௠݂ିଵሺߟሻሿ ൌ ݄௙ܴ௠௙ ሺߟሻ

ܮ௚ሾ݃௠ሺߟሻ െ ߯௠݃௠ିଵሺߟሻሿ ൌ ݄௚ܴ௠௚ ሺߟሻ

ܮఏሾߠ௠ሺߟሻ െ ߯௠ߠ௠ିଵሺߟሻሿ ൌ ݄ఏܴ௠ఏ ሺߟሻ
௠݂ሺͲሻ ൌ Ͳǡ ௠݂ᇱሺͲሻ ൌ Ͳǡ ݃௠ሺͲሻ ൌ Ͳǡ ݃௠ᇱሺͲሻ ൌ Ͳǡ ߠ௠ሺͲሻ ൌ Ͳǡ ௠݂ᇱሺλሻ ൌ Ͳǡ ݃௠ᇱሺλሻ ൌ Ͳǡ ߠ௠ሺλሻ ൌ Ͳ

ZKHUH
ܴ௠௙ ሺߟሻ ൌ ݂ԢԢԢ௠ିଵሺߟሻ െ ߞ ቆ
ߟ
ʹ ݂ԢԢ௠ିଵሺߟሻ ൅ ݂Ԣ௠ିଵሺߟሻቇ െ ܭߞ ቆ
ߟ
ʹ ௠݂ିଵ
௜௩ ሺߟሻ ൅ ʹ݂ԢԢԢ௠ିଵሺߟሻቇ
൅ ෍൛൫ ௠݂ିଵି௞ሺߟሻ ൅ ݃௠ିଵି௞ሺߟሻ൯ ௞݂ᇱᇱሺߟሻ െ ݂Ԣ௠ିଵି௞ሺߟሻ ௞݂ᇱሺߟሻ
௠ିଵ
௞ୀ଴
൅ ܭൣ൫ ௠݂ିଵି௞ሺߟሻ ൅ ݃௠ିଵି௞ሺߟሻ൯ ௞݂௜௩ ൅ ൫݂ԢԢ௠ିଵି௞ሺߟሻ െ ݃ԢԢ௠ିଵି௞ሺߟሻ൯ ௞݂ᇱᇱሺߟሻ
െ ʹ൫݂Ԣ௠ିଵି௞ሺߟሻ ൅ ݃Ԣ௠ିଵି௞ሺߟሻ൯ ௞݂ᇱᇱᇱሺߟሻ൧ൟ
ܴ௠௚ ሺߟሻ ൌ ݃ԢԢԢ௠ିଵሺߟሻ െ ߞ ቆ
ߟ
ʹ݃ԢԢ௠ିଵሺߟሻ ൅ ݃Ԣ௠ିଵሺߟሻቇ െ ܭߞ ቆ
ߟ
ʹ݃௠ିଵ
௜௩ ሺߟሻ ൅ ʹ݃ԢԢԢ௠ିଵሺߟሻቇ
൅ ෍൛൫ ௠݂ିଵି௞ሺߟሻ ൅ ݃௠ିଵି௞ሺߟሻ൯݃௞ᇱᇱሺߟሻ െ ݃Ԣ௠ିଵି௞ሺߟሻ݃௞ᇱ ሺߟሻ
௠ିଵ
௞ୀ଴
൅ ܭൣ൫ ௠݂ିଵି௞ሺߟሻ ൅ ݃௠ିଵି௞ሺߟሻ൯݃௞௜௩ െ ൫݂ԢԢ௠ିଵି௞ሺߟሻ െ ݃ԢԢ௠ିଵି௞ሺߟሻ൯݃௞ᇱᇱሺߟሻ
െ ʹ൫݂Ԣ௠ିଵି௞ሺߟሻ ൅ ݃Ԣ௠ିଵି௞ሺߟሻ൯݃௞ᇱᇱᇱሺߟሻ൧ൟ
ܴ௠ఏ ሺߟሻ ൌ ൬ͳ ൅
Ͷ
͵ܴௗ൰ ߠԢԢ௠ିଵሺߟሻ ൅ ܲݎ ෍൫ ௠݂ିଵି௞ሺߟሻ ൅ ݃௠ିଵି௞ሺߟሻ൯
௠ିଵ
௞ୀ଴
ߠ௞ᇱ ሺߟሻ െ ܲݎ
ߞ
ʹ ߟߠ௠ିଵ
ᇱ ሺߟሻ ൅ ܲݎܪ௚ߠ௠ିଵሺߟሻ
DQG
߯௠ ൌ ቄͲǡ݉ ൑ ͳͳǡ݉ ൐ ͳ 
7KHJHQHUDOVROXWLRQRI(TXDWLRQVLV

௠݂ሺߟሻ ൌ ݂כ௠ሺߟሻ ൅ ܥଵ ൅ ܥଶ݁ఎ ൅ ܥଷ݁ିఎ
݃௠ሺߟሻ ൌ ݃כ௠ሺߟሻ ൅ ܥସ ൅ ܥହ݁ఎ ൅ ܥ଺݁ିఎ
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IRUGLIIHUHQWYDOXHVRIߞǡ ܿǡ ܭDQGܪܽǤ,WLVVHHQWKDWȂ ݂ᇱᇱሺͲሻDQGȂ݃ԢԢሺͲሻLQFUHDVHRQLQFUHDVLQJWKHYDOXHVRIߞǡ ܿܭ
DQGܪܽ 7DEOH  SURYLGHV WKH YDOXHV RI ORFDO 1XVVHOW QXPEHU IRU YDULRXV SDUDPHWHUV LQYROYHG LQ WKH VWXG\ZLWK
ܲݎ ൌ ͳǤͲ,WLVIRXQGWKDWWKHVXUIDFHKHDWWUDQVIHUUDWHGHFUHDVHVRQLQFUHDVLQJWKHYDOXHVRIܪܽǡ ܴௗDQGܪ௚
)LJXUH ͳ LQGLFDWHV WKDW WKH UHVSHFWLYH DGPLVVLEOH YDOXH RI ݄௙ǡ ݄௚ DQG ݄ఏ DUH െͳǤͶ ൑ ݄௙ǡ ݄௚ ൑ െͲǤͶ DQG
െͳǤͶ ൑ ݄ఏ ൑ െͲǤʹ:HFKRRVHWKHYDOXHVRIDX[LOLDU\SDUDPHWHUሺ݄ ൌ െͲǤͻሻIURPWKLVUDQJHZHZLOOJHWWKHPRUH
DFFXUDWH UHVXOWV )LJXUHVʹ െ ͵ VKRZ WKH HIIHFW RI XQVWHDG\ SDUDPHWHUሺߞሻ RQ YHORFLW\ SURILOHV݂ƍ DQG݃ƍ  ,W LV
REVHUYHGWKDWWKHERWKݔ െFRPSRQHQWDQGݕ െFRPSRQHQWYHORFLWLHVGHFUHDVHRQLQFUHDVLQJWKHXQVWHDG\SDUDPHWHU
7KLV LQKLELWV WKH JURZWK RI FKDQJH RI ODPLQDU WR WXUEXOHQW IORZ  7KH HIIHFWV RI YLVFRHODVWLF SDUDPHWHUሺܭሻRQ
YHORFLW\SURILHV DUHGLVSOD\HG LQ)LJXUHVͶ െ ͷ ,W LV REVHUYHG WKDW WKH LQFUHDVH LQYLVFRHODVWLF SDUDPHWHU EULQJV D
GHFUHDVHLQWKHIOXLGYHORFLW\7KHLQIOXHQFHRIVWUHWFKLQJUDWLRሺܿሻRQYHORFLW\SURILOHVDUHGLVSOD\HGLQ)LJXUHV͸Ȃ ͹
,W LV VHHQ IURP WKHVH ILJXUHV WKDW WKHݔ െFRPSRQHQW YHORFLW\ GHFUHDVHV DQGݕ െFRPSRQHQW YHORFLW\ LQFUHDVHV RQ
LQFUHDVLQJ WKH VWUHWFKLQJ UDWLR ,W LV REYLRXV WKDW WKH VWUHWFKLQJ UDWLR LV UDWLR RI WKH FRHIILFLHQW RI ERWK GLUHFWLRQDO
YHORFLWLHV(LWKHUݔ െFRPSRQHQWYHORFLW\RUݕ െFRPSRQHQWYHORFLW\ERRVWHGXSGHSHQGLQJRQWKHYDOXHVRIܿ,WLV
REVHUYHG IURP WKH )LJXUHV  ±  WKDW ERWK YHORFLWLHV GHFUHDVH RQ LQFUHDVLQJ WKH +DUWPDQQ QXPEHUሺܪܽሻǤ7KH
PDJQHWLFILHOGULVHVWRDUHVLVWLYHW\SHIRUFHFDOOHG/RUHQW]IRUFHDQGWKLVIRUFHKDVWKHWHQGHQF\WRVORZGRZQWKH
PRWLRQRIWKHIOXLG7KHIOXLGYHORFLW\DQGWKHLUERXQGDU\OD\HUWKLFNQHVVGHFUHDVHVZLWKLQFUHDVLQJWKH+DUWPDQQ




KHDW JHQHUDWLRQDEVRUSWLRQ SDUDPHWHUሺܪ௚ሻ RQ WHPSHUDWXUH LV VKRZQ LQ )LJXUHͳʹ  7KH HIIHFW RI LQWHUQDO KHDW






7KHSUREOHPRI XQVWHDG\ WKUHHGLPHQVLRQDO0+'ERXQGDU\ OD\HU IORZDQGKHDW WUDQVIHU RI D YLVFRHODVWLF IOXLG
RYHUDVWUHWFKLQJVXUIDFHLQWKHSUHVHQFHRIUDGLDWLRQLVFRQVLGHUHG$QDO\WLFDOVROXWLRQVDUHGHULYHGXVLQJKRPRWRS\
DQDO\VLVPHWKRG,WLVIRXQGWKDWWKHPRPHQWXPERXQGDU\OD\HUWKLFNQHVVGHFUHDVHVRQLQFUHDVLQJWKHXQVWHDGLQHVV
SDUDPHWHU YLVFRHODVWLF SDUDPHWHU DQG +DUWPDQQ QXPEHU 7KH WKHUPDO ERXQGDU\ OD\HU WKLFNQHVV LQFUHDVHV RQ
LQFUHDVLQJ WKH YLVFRHODVWLF SDUDPHWHU DQG LQWHUQDO KHDW JHQHUDWLRQDEVRUSWLRQ SDUDPHWHU 7KH VXUIDFH KHDW WUDQVIHU
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